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Abstract 
In this paper a solution of a contact problem for large displacements and deformations are analyzed where a rubber bumper applied in air-
spring. The nonlinear load-displacement curve is determined. A FEM code written in FORTRAN has been developed for the analysis of 
nearly incompressible axially symmetric rubber parts. The Hu Washizu type variational principle is formulated for the Mooney-Rivlin 
material model. Stability and sensitivity analyses are also investigated. 
© 2012 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
Numbers of papers are devoted to the application of h-version finite element method for the analysis of hyperelastic 
materials [1-6]. The applications of p-version of the finite element for geometrically and physically nonlinear problems are 
relatively recent [7-10]. It is well known that the elastomers are regarded as incompressible or nearly incompressible 
materials. The incompressibility is an auxiliary condition which can be enforced by the so called mixed method. In this 
paper the traditional penalty method and the mixed formulation of three fields are implemented. The later one is based on 
the Hu Washizu type variational principle [11]. The displacements and the volumetric change are approximated 
independently from the hydrostatic pressure. The same order of approximation is selected for the hydrostatic pressure and 
the volumetric change. The displacement fields are approximated by the tensor product space and its order is higher than the 
order of space used for the pressure and the volumetric change at each level of polynomial degree p. 
In engineering practice high stresses occur in unilateral contact. The contact problem is handled with a simplified penalty 
approach. The contacting boundary is approximated by a polygon. The edge of the contacting element is forced to have a 
straight line. In practice, two-node contact elements were implemented. 
As a numerical example a rubber bumper applied in air-spring is chosen for this problem. The load-displacement curve 
for pressure is given by the producer but only when the bumper is loaded between two flat rigid surfaces. The aim of this 
research is to obtain the load deflection curve up to 20% of compression in realistic working circumstances. 
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2. Large displacements and deformations 
Using the Lagrangian description in the reference cylindrical coordinate system the motion of continua ),( 0 trrr &&& = , 
in the current configuration at time t is given by the reference coordinates 0r
&
 of the material points, see in Fig. 1., where 
u
&
 is the displacement. 
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Fig. 1. The motion of continua 
In the subsequent formulation the deformation gradient 
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is multiplicatively decomposed into a volumetric changing part 
V
F  and a volume preserving part Fˆ
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where  
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where J  is the Jacobian. Using this decomposition we can define the so called right Cauchy-Green tensor and its 
volumetric preserving part 
FFC T= ,   CJFFC
T
ˆˆˆˆ 3
2
−
==     (5) 
where T denotes the transpose of a tensor. The deformation is expressed by the Green-Lagrange strain tensor 
)(
2
1 ICE −=        (6) 
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where I  is the unit tensor. The strain energy functions are defined by this specific decomposition 
)ˆ(ˆ)()ˆ,( CWJUCJW += ,     (7) 
where )(JU  denotes the strain energy due to volumetric change and )ˆ(ˆ CW  is the strain energy determined by volume 
preserving deformation. The function )(JU  is often defined in the papers in the simpliest way 
2)1(
2
1)( −= JJU κ ,      (8) 
where κ  is the bulk modulus. The function )ˆ(ˆ CW  is given for the Mooney-Rivlin material 
)3ˆ()3ˆ()ˆ(ˆ 0110 −+−= III IICW μμ      (9) 
where 10μ  and 01μ  are the material constants, IIˆ  and IIIˆ  are the first and second invariants of the unimodular right 
Cauchy-Green tensor defined as 
332211
ˆˆˆˆ CCCI I ++= ,   )ˆˆˆ(2
1
ˆ CCII III ⋅⋅−=    (10) 
In the reference coordinate system, the II. Piola-Kirchhoff stress tensor for the rubber is given by 
1)ˆ(ˆ2 −+
∂
∂
= CJp
C
CW
S      (11) 
where p  is the hydrostatic pressure. In the current configuration the Cauchy stress tensor can be calculated as 
TFSFJT 1−= .      (12) 
3. Contact kinematics 
Let us consider a system which consists of two bodies. One is elastic signed by 1 , the other is a rigid body signed by 
2
see in Fig. 2., where cA  is the contact region. 
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Fig. 2. Kinematics in the contact region 
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In this work normal contact is assumed, where cn
&
 is the normal unit vector of the contact surfaces through two point pairs 
1Q  and 2Q . The ng  normal gap can be defined as 
huugg nnn +−==
1)( & , cAr ∈
&
,    (13) 
where h  is the initial gap and 1nu  is the normal component of the displacement vector. There can be two cases, one is 
contact, when 
00 ≥= nn pg ,      (14) 
there is gap (no contact) between the two bodies if
00 =≥ nn pg ,      (15) 
where np  is the contact pressure. Both cases 
0=nn gp ,  cAr ∈
&
.    (16) 
4. Variational principles and FEM discretization 
The mixed formulation based on the Hu Washizu type variational principle [11], the three fields are independent from 
each other, 
)(
2
1)()()ˆ(ˆ),,( 2 udAgdVJJpdVJUdVCWpJu extA nVVVhw c
&& Π−+−++=Π ³³³³ γ ,  (17) 
where J  is the volumetric change, J  is evaluated by equation (4) making use of the displacements u& . The γ  is the 
penalty parameter which can be mentioned as a virtual spring stiffness called as a Winkler-type contact problem. 
Since equation (17) is a nonlinear one we should linearize it introducing the increments of the appropriate variables. 
Before the FEM discretization we introduce the Green-Lagrange strain tensor (6) and the energy conjugated II. Piola-
Kirchhoff stress tensor (11). The increment in the Green-Lagrange strain tensor EΔ  is decoupled into linear and nonlinear 
parts 
NLL
EEE Δ+Δ=Δ .      (18) 
Meridian section is discretized by two-dimensional rectangular elements see in Fig. 3. 
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Fig. 3. Nine-node two-dimensional isoparametric element 
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In case of mixed formulation on each element the displacement fields are approximated by the so called tensor product 
space using Legendre polynomials [12] 
i
n
i i
uNu && ¦
=
=
1
,   
2)1()1(44 −+−+= ppn ,  (19) 
where iN  is the shape function,  iu
&
 are the displacement parameters,  n  is the number of shape functions which non-
linearly depends on the level of approximation p . The volumetric change and the hydrostatic pressure are approximated by 
lower order of polynomials than the displacement 
zaraapJ 210)2( ++== ,     (20) 
zbrbbpp 210)2( ++== .     (21) 
After the discretization we obtain the formula for the Newton-Raphson iteration 
fffuK Δ=−=Δ
intextT
,     (22) 
where 
T
K  is the tangential stiffness matrix,  uΔ  is the displacement increment and fΔ  is the unbalanced load vector. A 
p-versional finite element code has been developed for the analysis of nearly incompressible materials. The approximation 
order for the displacement is 2=p . 
5. Numerical example 
A rubber bumper in an air-spring (see in Fig. 4) is analyzed by the FEM code based on the theory discussed above. 
Fig. 4. The air-spring 
The load-displacement curve for pressure is known from the producer but only when the bumper is loaded between two 
flat rigid surfaces. A parameter optimization is needed to find the material parameters. The measurement and the code were 
compared, see in Fig. 5. 
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Fig. 5. The load-displacement curve 
A numerical analysis is also needed to obtain the optimal input parameters for the finite element analysis such as mesh 
density and the so called penalty parameter. The effect of the mesh density change was compared at two discrete points (7 
and 14 mm compression). The results of the mesh density analysis can be seen in Fig. 6. The 8x8 mesh gives good 
correlation to the more fined mesh and its time demand is much more cost efficient. The mesh density versus the volume 
ratio is evaluated, see in Fig. 6.  
(a) (b)
Fig. 6. Numerical analyses for (a) mesh density and (b) volume ratio 
In examination of a rubber part it is very important to observe how the incompressibility condition is fulfilled which 
depends on the applied penalty parameter. In Fig. 7. the numerical stability analysis calculated with different penalty 
parameters at mesh density 8x8 (acceptance limit is 99,9%) and the displacement field calculated by the FEM code can be 
seen. 
(a) (b)
Fig. 7. Results of (a) penalty parameter analysis and (b) the code 
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After the numerical stability analysis the code parameters are determined from the results. In Table 1 the most important 
finite element settings can be seen. 
                   Table 1. Finite element settings
Material parameters 
Mooney-Rivlin parameter ( 10μ ) 0,63N/mm2
Mooney-Rivlin parameter ( 01μ ) 0,1575N/mm2
Finite element code 
Penalty parameter (κ ) 1000 
Increment ( uΔ ) 1mm 
Supports (top and below) vulcanized 
The rubber bumper may contact with two contact regions in working circumstances. The mechanical model of the 
contact problem and the results of the code for displacement can be seen in Fig. 8a and Fig 8b, respectively. 
(a)
z
r
RUBBER
STEEL
(b)
Fig. 8. Rubber bumper’s (a) mechanical model and (b) displacement at 13mm compression 
The load-displacement curve calculated by the FEM code can be seen in Fig. 9. 
Fig. 9. Load-displacement curve of the rubber bumper in working circumstances 
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6. Summary 
A solution of a contact problem for large displacements and deformations are analyzed where a rubber bumper applied in 
air-spring is investigated by determining the nonlinear curve of load versus displacements. A FEM code which is able to 
handle contact written in FORTRAN has been developed for the analysis of nearly incompressible axially symmetric rubber 
parts. Later a shape optimization problem will be done if the stability analysis and also the comparison with commercial 
software are adequate. 
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